We study the emergence of exact Majorana zero modes (EMZMs) in one-dimensional spin systems by tuning the magnetic field acting on individual spins. By focusing on the quantum transverse compass chain with both the nearest-neighbor interactions and the transverse fields varying over space, we derive a formula for the number of the emergent EMZMs, which depends on the partition nature of the lattice sites on which the magnetic fields vanish. We also derive explicit expressions for the wavefunctions of these EMZMs, which are found to depend on fine features of the foregoing partition of site indices. As a specific case, the exact solution for an open compass chain with uniform nearest-neighbor interactions and an alternating magnetic field is provided. It is rigorously proved that, besides the possibly existing EMZMs, no almost Majorana zero modes exist unless the fields on the even and odd sublattices are both turned off. Our results provide a precise scheme to manipulate the number and spatial distributions of the EMZMs by solely tuning the external fields, and may shed light on the control of ground-state degeneracies in more general systems.
Introduction. Majorana zero modes play an important role in modern condensed-matter physics because of their potential applications in topological quantum computation [1] . Recently, there have been extensive studies on the realization of Majorana modes in different physical settings (see Refs. [2] [3] [4] and references therein). Among these, the emergence of Majorana zero modes in one-dimensional fermionic or spin lattice systems has attracted much attention [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In a seminal work, Kitaev showed that in a one-dimensional lattice fermion model with nearest-neighbor p-wave pairing, a pair of almost Majorana zero modes (AMZMs) can occur at the two ends of the chain when the system is in its topological phase [5] . When the nearest-neighbor hopping and the pairing strengths are set equal in the Kitaev chain, exact Majorana zero modes (EMZMs) that strictly commute with the Hamiltonian can emerge [10, 19] .
The appearance of EMZMs is important since they imply the existence of a degenerate ground-state manifold, which is relevant to the storage of quantum information [4] . The manipulation of EMZMs is essential to the realization of a topological quantum computer [21] .
Among various platforms for realizing EMZMs or AMZMs, low-dimensional spin systems have the advantage that some of them can be simulated using nuclear magnetic resonance [22, 23] , trapped ions [24] , and superconducting quantum circuits [25, 26] .
A prominent quantum many-body spin system encoding EMZMs is the compass model, which was initially coined as a minimal model for the exchange interactions in Mott insulators and now appears in cross fields [27] [28] [29] [30] [31] [32] [33] . The compass systems are notorious for real-space directional character of the Ising-type exchange terms, and the local Z 2 symmetries give rise to many anoma- * Electronic address: youwenlong@gmail.com lous physical phenomena, such as macroscopic degeneracy [34] [35] [36] . However, the huge dimensionality of the ground-state manifold is fragile and gets destroyed by an infinitesimal uniform transverse field [37, 38] . It was recently realized that the existence of EMZMs is immune to inhomogeneity of bilinear nearest-neighbour spin-spin interactions. Remarkably, the local symmetries are restored providing the transverse fields on a few sites vanish, and hence generate in situ EMZMs [26] .
In this work, we will explore the possibility of manipulating both the number and the wavefunctions of EMZMs in an inhomogeneous transverse compass model by solely tuning the external fields acting on individual spins. We derive an analytical formula for the number of EMZMs, N , when the magnetic fields on a subset S of the lattice sites are turned off. It turns out that N precisely depends on how S is split into neighboring consecutive sequences. Nonlocal wavefunctions of these emergent EMZMs are found to be involved in successive consecutive sequences having all their lengths odd. These rigorous results on the EMZMs offer a flexible and easily controllable scheme to manipulate the numbers and locations of the EMZMs by simply controlling the externals fields on certain sites. Besides the EMZMs, we also explore the emergence of AMZMs by exactly solving an open compass chain with homogenous nearest-neighbor interactions and alternating magnetic fields. It is found that the EMZMs are the only zero modes unless the fields on both the odd and the even sublattices are turned off.
Inhomogeneous transverse compass model. The Hamiltonian of the one-dimensional compass model with the nearest-neighbor interactions and transverse fields varying over space can be written as (L = even) for open boundary conditions (OBCs), and as
for periodic boundary conditions (PBCs). Here, σ α l are the usual Pauli operators on site l, J x j (J y j ) is the interaction strength between the two nearest-neighboring sites 2j − 1 and 2j (2j and 2j + 1), and h l is the magnetic field experienced by the spin on site l. We choose L = even since the PBC is not well defined for odd L. We assume that all the nearest-neighbor interactions J x j and J y j are finite, while a subset of the inhomogeneous magnetic fields on different sites could be zero. Below we mainly focus on the case of OBC.
The Hamiltonian H OBC can be mapped to a spinless fermion model by introducing the Jordan-Wigner transformation
, H OBC can be rewritten in the Majorana representation as
where
T (with T denoting the matrix transpose) and H OBC is a 2L × 2L real antisymmetric matrix with elements
. We arrange the 2L MFs into a "Majorana snake chain" [9] as shown in Fig 1(a) . In this way, the finite interactions between different MFs in Eq. (2) form an L-tooth comb with the magnetic fields h i residing on the ith tooth. H (MF) OBC can be brought into the "standard form" [5] 
where the eigenvector can be written as V =
The eigenproblem given by Eq. (3) can be written out explicitly as 2L − 2 bulk equations:
Emergence of EMZMs. As suggested by Fendley [10] , an EMZM η is defined as an operator that satisfies the following three properties: i) it commutes with H Proof : From Eqs. (4), it is easy to see that B j = C j = 0, ∀j, so that D j = A j = 0, ∀j, according to Eqs. (5) to (8) . We thus obtain a trivial solution V = 0.
Proposition 1 indicates that the EMZMs can possibly occur only if the magnetic fields on a subset of the lattice sites, say
Actually, it is easy to observe by investigating Fig. 1 that there are m MFs isolated from the comb after the teeth with indices drawn from S are broken up. In turn, the isolation of these MFs leads to m simple EMZMs, d
Now we naturally may ask: Are there any other EMZMs besides the foregoing m simple EMZMs? We answer this question by Theorem: Suppose S = {l 1 , l 2 , · · · , l m } is a set of site indices for which h i = 0 if i ∈ S and h i = 0 if i / ∈ S. The set S can always be written as the union of n ordered consecutive sequences T j = (l uj , l uj + 1, · · · , l uj + v j − 1) with length v j , i.e., S = {T 1 , T 2 , · · · , T n }. Then the total number of EMZMs for H (MF) OBC is
The above Theorem is the main result of this work, and we will prove it at a later stage. As an illustration, we show in Fig. 1(b) the example for L = 6 and S = {2, 4, 5}, so that T 1 = (2) and T 2 = (4, 5). There are N = 4 EMZMs according the Theorem, indicating that there is one more EMZM besides the three simple modes d 4 , d 8 , and d 9 . Let us look at some consequences of the Theorem in several typical cases:
1) If the length of all consecutive sequences in S is 1, then n = m and v j = 1, ∀j, yielding 2m EMZMs. In particular, if all the fields on the odd sublattice (or even sublattice) are turned off, there will be 2 L 2 = L EMZMs. 2) In the opposite limit with m = L, all fields are absent and we have n = 1, but there are still L EMZMs according to Eq. (9) .
To proceed, we first consider the simplest case. Proposition 2 : Suppose S consists of a single consecutive sequence T , i.e., S = T = (l u , l u + 1, · · · , l u + v − 1), then there exist v EMZMs if v = even, and v + 1 zero modes if v = odd. For the former, the v EMZMs are merely the isolated simple ones; for the latter, besides the v simple modes, there is an additional EMZM emerging from the diagonalization of partially connected comb.
Proof : We will consider even l u since the case of odd l u can be treated similarly. To simplify the discussions, we assume 2 ≤ l u and l u + v − 1 ≤ (5) and Eq. (6) respectively, and using the fact that h lu = h lu+1 = · · · = h lu+v−1 = 0, one can easily show that B j = C j = 0, ∀j.
According to Eqs. (5) to (8), this results in v isolated
. Additionally, we obtain a set of coupled equations for the possibly nonvanishing variables A lu 2 , A lu+v+1 2 , and
):
There are two types of solutions: i) If A lu
T , where the superscript '(i)' in 1 (i) indicates that the ith element of V is 1, and we have defined J
It is easy to check that the v simple solutions and the above nontrivial solution are orthogonal to each other. Indeed, they are just the wavefunctions of these EMZMS [39] . Similar analysis can be performed for odd l u and the limiting cases with l u = 1 or
, and the same conclusion can be reached [40] .
Since the set S is usually a union of multiple consecutive sequences, we still need to study the situation where more than one consecutive sequence is present. Before doing that, let us look at two neighboring consecutive sequences T i and T i+1 appearing in S. We call T i and
Proposition 3 : Suppose T i and T i+1 are two neighboring sequences. Then the eigen-equations related to T i and T i+1 are coupled only if T i and T i+1 are successive, and at the same time both v i and v i+1 are odd.
Proof : By investigating the eigen-equations related to T = (l u , l u + 1, · · · , l u + v − 1), we can find out all the possibly nonvanishing variables appearing in these equations. For even v, there are no such nonzero variables besides those determining the simple EMZMs, and hence the eigen-equations related to T i and T i+1 are never coupled if at least one of v i and v i+1 is even. For odd v, the possibly nonvanishing variables involved are A lu (10) and (16)]. In all possible cases, the variables related to T i (T i+1 ) and with the largest (smallest ) indices are A lu i
. If T i and T i+1 are successive and both v i and v i+1 are odd, then l ui and l ui+1 have the same parity according to l ui+1 = l ui +v i +1. Correspondingly, the eigen-equations for T i and T i+1 will share a common variable A lu i
) for even l u (odd l u ). Hence, Proposition 3.
We focus on the case in Proposition 3, and will show Proposition 4. Suppose T i , T i+1 ,· · · , and T i+α are α neighboring and successive consecutive sequences with all v j (j = i, i+1, · · · , i+α) odd, so that they are coupled in the sense of Proposition 3. Assume that T i−1 (T i+α+1 ) is not coupled to T i (T i+α ), then the number of EMZMs associated with these α sequences is given by i+α j=i v j +α. Among these EMZMs, there are i+α j=i v j simple ones, and α nontrivial ones. The wavefunctions for the latter spread over all relevant components of these α sequences.
Proof : We first prove this Proposition for α = 2. We take l ui = even since the case of odd l ui can be analyzed similarly. It is easy to see that the two uncoupled sets of equations involving the B's give 
However, the rank-nullity theorem tells us that there are two linearly independent nonzero solutions, which result in two nontrivial EMZMs, although the wavefunctions of these modes get more complicated compared with the case where T i and T i+1 are uncoupled. Thus, we have
The above arguments can be generalized to cases with more than two coupled successive consecutive sequences. In general, if T i , T i+1 , · · · , and T i+α are α coupled successive consecutive sequences, then the α + 1 variables We are now in a position to prove our Theorem. Proof of the Theorem: The set S can always be written as the union of uncoupled and coupled consecutive sequences in the sense of Proposition 3. According to Propositions 2, 3, and 4, the total number of EMZMs can always be written as N =
Degeneracy of eigenstates. We now discuss the degeneracy properties of the spin models described by H OBC and H PBC . In the case of the OBC, the total number of fermion zero modes for the finally diagonalized fermionic Hamiltonian [Eq. (21) ] is half of the number of EMZMs for H (MF) OBC , i.e., has a definite fermion parity σ. Provided that there are no eigenstates in the subspace labelled by −σ having the same energy as that of |ψ PBC , the degenerate manifold containing |ψ PBC must belong to the σ-subspace, since only even numbers of excitations in the σ-subspace are physically allowed, which reduces the number of states in each degenerate manifold from 2
Exact solution for alternating fields. After finding out the EMZMs according to the partition properties of the set S, let us see whether H OBC can host AMZMs. In principle, this depends on the specific choice of the fields {h j }, and it is not easy to tell whether the AMZMs exist for the inhomogeneous model. However, this question can be answered rigorously in the special case of an open compass chain with homogeneous nearest-neighbor interactions and an alternating field, for which exact solutions exist. We set J 
, and
, where the R's and S's are j-independent coefficients to be determined. Application of the above ansatz to the bulk equations gives four branches of single-particle dispersion [40]
, and the superscript (±) denotes the overall sign of λ. To determine the allowed values of k, we apply the ansatz in the two boundary equations Eqs. (7) and (8), resulting in the
sin 2kL . It is intriguing that the values of the allowed k's do not depend on the fields µ 1 and µ 2 . It can be shown that [40] we only need to find out the solutions on the interval k ∈ [0, If the fields on one sublattice, say the odd one, are turned off, i.e., µ 1 = 0 and µ 2 = 0, then there are L EMZMs according the Theorem. The remaining L nonzero modes can be obtained using the ansatz method. All the above analysis applies to this situation, for which we get two branches of nonvanishing dispersion λ results in a pair of eigenvalues that approaches zero exponentially in the thermodynamic limit L → ∞: λ
[40]. Thus, the onset of the complex solution gives a pair of AMZMs, indicating a quantum phase transition for
Eqs. (69)]. Using Eq. (33), we obtain the wavefunctions for the two AMZMs:
and
, 0, 0 . In the thermodynamic limit, we haveB
, which show that the two AMZMs are indeed Majorana edge zero modes [5] .
Conclusions. In this work, we have studied the emergence of exact Majorana zero modes in interacting spin chains. We focus on an interesting and important manybody model in solid-state physics, i.e., the inhomogeneous transverse compass model. We prove that the system hosts EMZMs whose number and wavefunctions can be precisely manipulated when the transverse fields are appropriately controlled. Specifically, we show that the number of EMZMs in the Majorana representation of the spin system presents a simple relation with the partition nature of the lattice sites on which the transverse fields vanish. The presence the EMZMs results in controllable degeneracies of the ground state, which is an essential requirement for topological quantum computing. Finally, we show that a homogeneous open compass chain with alternating transverse fields could host AMZMs when all fields are absent. We emphasize that the advantage of the system considered here lies in its exact solvability and mathematical rigor. The exact results for the wavefunctions of the EMZMs and AMZMs may serve as a basis for upcoming studies of quench dynamics and braiding of Majorana modes in related systems.
Acknowledgements. If the single consecutive sequence T start with an odd term l u , then: 1) v = even. From Eqs. (4), we have the possibility that
Inserting these variables into Eqs. (5) and (6) and using the fact that h lu = h lu+1 = · · · = h lu+v−1 = 0, we get
As
For v ≥ 3, we have the possibility
and hence
The second set of equations give
which results in 
II. EIGEN-EQUATIONS WHEN Ti AND Ti+1 ARE COUPLED
When T i and T i+1 are coupled in the sense of Proposition 3, the eigen-equations get entangled:
By eliminating the variable C's, we obtain a single equation for
, and A lu i+1
According to the rank-nullity theorem, there exist two linearly independent nontrivial solutions for
III. RELATION BETWEEN THE V 'S AND THE MATRIX W
If we further define the ordinary fermions
OBC given by Eq. (2) can be finally diagonalized as
Remember that the 2L eigenvalues H OBC always appear in pairs {2λ j , −2λ j }, so we can arrange them in the order
The corresponding eigenvectors {V +,j , V −,j } form a unitary matrix
so that
We define the 2L × 2L matrix
It is easy to check that
From
and Eq. (20), we can write
To find the relation between X and W , we rewrite H
OBC as
OBC , so from Eq. (2) and Eq. (21) we have
Compare Eq. (28) with Eq. (29), we obtain
where we have used the fact that W † = W T . Multiplying W T Γ 2L on both sides of the last equation we get
Compare Eq. (24) with Eq. (31), we obtain
After obtaining X by solving the eigenproblem given by Eq. (3), the W matrix can thus be obtained by the relation
The reality of the matrix W enforces us to choose
IV. EXACT SOLUTION IN THE PRESENCE OF AN ALTERNATING FIELD A. Eigenvalues and quantization condition
In this case, the Hamiltonian H OBC given by Eq. (1) becomes
The eigenproblem given by Eq. (3) can be solved by means of the following plane-wave-like ansatz
Here, the R's and S's are j-independent coefficients to be determined by the allowed values of the wavenumber k.
For µ 1 = 0 and µ 2 = 0, we substitute the above ansatz in the bulk equations given by Eqs. (4) to (6), and compare the coefficients of the same power on both sides to obtain
We can eliminate R a , R d , S a , and S d by using the first two equations in the last expressions to get
To obtain nontrivial solutions of (R b , R c ) and (S b , S c ), the determinants of the 2 × 2 matrices appearing in the above matrix equations
must be zero, yielding four branches of nonzero single-particle dispersions
for L = 8.
and the superscript (±) denotes the overall sign of λ, so that λ
k,± . We still need to determine the allowed values of k. To this end, we have to apply the ansatz in the two boundary equations given by Eqs. (7) and (8) . By using the bulk equations Eqs. (37)- (44) to eliminate R a , R d , S a , and S d in the boundary equations, and using the fact that λ = 0, we obtain the following equations for (R b , S b ) and (R c , S c ) 
Letting the determinant of the above matrix be zero, we finally obtain the desired quantization condition that determines the allowed values of the wavenumber k
As a primary illustration of the properties of f (k, L), we plot in Fig. 2 f (k, L = 8) as a function of k. It is intriguing that the values of the allowed wavenumber k do not depend on the fields µ 1 and µ 2 . Our task is to find out (at least numerically) the solutions of Eq. (54).
B. On the solution of Eq. (54)
For real k and even L, the function f (k, L) defined in Eq. (55) has the following several properties: ]. So we must have one additional complex root of k. To determine the most general form of a complex root, we first note that λ k must be purely imaginary, so that
must be real, which gives
For real k with k 1 = 0, this equation is satisfied automatically; for complex k with k 1 = 0, we must have
then the complex k can be written
By inserting Eq. (59) into Eq. (54), we obtain the condition equation for k 1
where g(k, L) = sinh 2k(L+2) sinh 2kL . It is easy to see that:
L for k > 0. Since we have assumed γ > 0, Eq. (60) has real solutions only for m = odd, say m = 1, so that the complex root can be written
and the condition given by Eq. (60) becomes
for k 1 > 0. The inequality holds since g(k, L). Thus, the solutions of Eq. (54) can be summarized as (we avoid discussing the limiting case of γ = 
withk 1 being the solution of 
For real k, we always have δ k = J never approach zero even in the thermodynamic limit L → ∞. As a result, there is no AMZMs for µ 1 = 0 and µ 2 = 0. In other words, H OBC does not hold a quantum phase transition.
C. Eigenvectors
As a byproduct, we can also write down the eigenvectors V 
and N k,± is a real normalization factor.
2) For γ > 
andÑk is another real normalization factor.
